Abstract. The main goal of this paper is to give an affirmative answer to the long-standing conjecture which asserts that the affine map is a uniquely extremal quasiconformal map in the Teichmüller space of the complex plane punctured at the integer lattice points. In addition we derive a corollary related to the geometry of the corresponding Teichmüller space. Besides that we consider the classical dual extremal problem which naturally arises in the tangent space of the Teichmüller space. In particular we prove the uniqueness of Hahn-Banach extension of the associated linear functional given on the Bergman space of the integer lattice domain. Several useful estimates related to the local and global properties of integrable meromorphic functions and the delta functional (see the definition below) are also obtained. These estimates are intended to study the behavior of integrable functions near singularities and they are valid in general settings.
Introduction
Let M be the hyperbolic Riemann surface and let T eich(M ) denote the Teichmueller space of the surface M . Each point in T eich(M ) can be represented in the following way (see [6] , [14] ). Let f denote a quasiconformal map of the surface M onto another Riemann surface N . Denote by [f ] the class of all quasiconformal maps defined on M such that the quasiconformal map g belongs to [f ] if and only if the composition f • g −1 is homotopic to a conformal map. We say that [f ] is an element of T eich(M ). It is well known (see [6] , [14] ) that the Teichmueller space is a complex manifold with the naturally defined complex structure coming from the Bers emmbending.
Denote by A 1 (M ) the complex Banach space of all integrable holomorphic quadratic differentials on M . Recall that the map g ∈ [f ] is said to be an extremal quasiconformal map in [f ] if the following condition is satisfied:
where Belt(g) = gz gz is the Beltrami differential of g. The map g is uniquely extremal in [f ] if there are no other extremal maps in [f ] . The classical extremal problem, first studied by Grötzsch and Teichmueller, is to determine whether the class [f ] contains a uniquely extremal map (for example, see [6] , [14] , [18] , [21] ). Let 
eich(S).
The main purpose of this paper is to give an affirmative answer to the following well known conjecture posed for the first time in [19] .
Conjecture 1 (Reich, Strebel). The affine map A K is a uniquely extremal quasiconformal map in its class
Our main result is Theorem 1.
The affine map of the domain S is uniquely extremal in the class
In their paper [19] , E.Reich and K.Strebel proved that A K is extremal in [A K ] answering the question of I.Kra. Moreover, they characterized all punctured plane domains where the affine maps are extremal. The corresponding question for unique extremality seems to be more difficult.
The lattice domain S has certain important symmetry properties. To illustrate them we observe the following. The domain S is invariant under translation for vectors z k,l ∈ Z. Therefore S is a natural covering surface of the once punctured torus T. The corresponding complex structure on T is uniquely determined by the choice of the covering group G. The group G is generated by the translations z + 1 and z + i. Affine map A K preserves the structure of the torus and therefore represents the element of the T eich(T) itself. The group of covering transformations is isomorphic to Z ⊕ Z. It interesting to note that this group is amenable (see [13] ). By the results of C.McMullen (see [13] ) we conclude that the classical Poincare Theta operator Θ : A 1 (S) → A 1 (T) has the Banach norm equal to one. The Banach space A 1 (T) is of the dimension one. By the application of the well known Hamilton-Krushkal-Reich-Strebel for extremality, one concludes that the affine map A K is an extremal quasiconformal map. This observation provides an alternative proof for extremality of the affine map of the domain S. This is also related to certain similar problems treated by K.Strebel, C.McMullen, I.Kra (for an example see [13] , [21] , [22] ).
So we have demonstrated that the lattice domain has some nice properties closely related to the fact that A K is extremal. But concerning the question of unique extremality it seems that the essential fact which implies the unique extremality is the distribution of the set Z near infinity in the complex plane. Our proof makes use of algebraic and geometric lattice properties, but since we believe that the distribution of the points is essential we conjecture the following possible generalization of our result:
Conjecture 2. Let P be an infinite set of points in the complex plane with the property that for any given disc of Euclidean radius one in the complex plane, one can find point p ∈ P which belongs to the given disc. Then the affine map of the domain C \ P is uniquely extremal.
There exist several important characterizations of the unique extremality in terms of the geometry of Teichmueller space T eich(M ) of Riemann surface M (see [5] ). In particular if M is a plane domain, then the affine map A K is a uniquely extremal quasiconformal map of M if there exists a unique normalized isometry of the unit disc into the Teichmueller space of the plane domain M . There exists special interest in studying the isometries of the unit disc into the Teichmueller space of punctured plane domains (see [2] ). We state the following corollary of Theorem 1.1. Its proof follows directly from Theorem 1.1 and Theorem 6 in [5] .
Corollary 1. There exists a unique isometry f of the unit disc ∆ into the T eich(S)
with the following properties:
We now recall the recent results which have provided the complete analytic characterization of uniquely extremal quasiconformal maps. Then we state the corollary of Theorem 1.1 related to the classical dual extremal problem related to the uniqueness of Hahn-Banach extensions. Recall that each bounded linear functional λ on L 1 (M ) is uniquely represented as
where µ is a fixed element of L ∞ (M ). Suppose that f : M → N is a uniquely extremal quasiconformal map. Set µ = Belt(f ). One of the two main results in [3] (see also [4] , [11] , [10] , [12] ) is: Proposition 1.1. The mapping f is a uniquely extremal quasiconformal map if and only if the linear functional λ :
The linear functional λ is also said to be HBU (abbreviation for Hahn-Banch unique) if it has a unique Hahn-Banach extension from
. This proposition gives the necessary and sufficient conditions for the map f to be uniquely extremal. It also represents a generalization of the well known characterization of extremal quasiconformal maps obtained by Reich, Strebel, Hamilton, Krushkal (see [6] , [8] , [14] , [18] , [21] In order to prove Theorem 1.1 we do not work directly with the quasiconformal maps of the integer lattice domain S. The following proposition is due to E.Reich (see [16] 
It is known (see [3] , [4] , [10] , [12] ) that the affine map is uniquely extremal if and only if there is a sequence φ n from A 1 (M ) which satisfies the first two conditions of Proposition 1.2 and that in particular δ(φ n ) → 0 when n → ∞. Although this last statement provides the necessary and sufficient conditions it is usually easier to construct a sequence where the δ functional is bounded and the third condition of the above proposition is satisfied rather then a sequence where the delta functional tends to zero. On the other hand it is known to be hard to construct such sequences and to date there are only a few such examples (for an example see [16] ). We will explicitly construct the corresponding sequence which satisfies the conditions of Proposition 1.2 and where the corresponding plane domain M is the lattice domain S. The remainder of the paper is organized as follows. In Section 2 by using the elementary properties of the suitably chosen elliptic function we introduce representation of functions from A 1 (S) (in the remainder of this paper we write just A 1 ). In Section 3 by using this representation result from Section 2 we construct the sequence {φ n } which satisfies the first two assumptions of Proposition 1.2. In Section 4 we complete the proof of Theorem 1.1 by proving that that the sequence {φ n } we construct in Section 3 satisfies the third assumption of Proposition 1.2.
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Representation of functions from A 1
The function φ ∈ A 1 is a meromorphic function with at most the first order poles at the lattice points z k,l ∈ Z. Denote by λ k,l the residue of φ(z) at the point z k,l . Since φ(z) is an integrable function in the complex plane we find that φ(z) is uniquely determined by λ k,l and moreover it admits the representation
for z ∈ S. But in order to construct the sequence which satisfies the assumptions of Proposition 1.2, it is not convenient to use the above representation. In this section we prove that there exists a suitable representation which applies to certain functions φ ∈ A 1 . Let W denote another integer lattice in the complex plane, obtained by translating the lattice Z by the vector 1+i 2 . That is, we have
While Z represents the part of boundary of the domain S we have that W is a subset of S.
From the mean value property theorem for analytic functions it follows that the double sequence α k,l is absolutely integrable, that is we have
On the other hand the following question naturally arises. Whether for every absolutely integrable double sequence α k,l there exists a function φ ∈ A 1 such that φ(w k,l ) = α k,l . In general the answer is negative as we will soon see. The objective of this section is to show that under additional assumptions on the double sequence α k,l we can explicitly construct function φ ∈ A 1 which satisfies the above assumption. The corresponding result is given by Lemma 2.1.
Let us recall a few facts from the theory of elliptic functions (see [1] , [9] ). There exists a unique meromorphic function P (z) in the complex plane with the following properties:
has only the first order poles at the point z k,l ∈ Z. The function P (z) is the normalization of the classical Jacobian eliptic cosine function. The function P (z) can also be understood in the following way. Set T 1 (z) = z + (1 − i) and T 2 (z) = z + (1 + i) and let Γ be the Abelian group generated by T 1 and T 2 . Then S/Γ is the well defined Riemann surface conformally equivalent to the twice punctured torus. There are only two linearly independent integrable holomorphic quadratic differentials supported on S/Γ. One of them is represented by the constant function and the other one is represented by the function P (z).
The periodicity of P (z) further yields the following conclusions (see [1] , [9] ) about zeroes and poles of the function P (z). P (z) has the first order poles at the points z k,l . The residues of P (z) at the points z k,l are uniquely determined by value of the residue of P (z) at the point z o,o which can be expressed as the value of certain special function (see [1] ). But in this paper we do not need the exact values of these residues because we only use the fact that P (z) has the first order poles at the points z k,l . On the other hand P (z) has the first order zeroes at the points w k,l and the function P (z) admits the following representation near the point w k,l :
Next, we define the connected domain S 1 by
The function P (z) is analytic on S 1 . From the periodicity of P (z) (also one may understand S 1 /Γ as a compact subset of the above mentioned twice punctured torus) and the fact that P (z) has the zeroes at the points w k,l we conclude that there is a constant C 1 > 0 such that the estimates
Suppose that α is a complex number and (p, q) an arbitrary pair of integers. Set
The function φ(z) satisfies
and φ(w p,q ) = α. It is easy to see that φ does not belong to A 1 because it behaves as O 1 |z| when z ∈ S 1 and z → ∞. We conclude from (3) and (4) that if one takes the double sequence α k,l such that only α p,q = α is different than zero, then this double sequence is absolutely integrable but the corresponding meromorphic function φ is not. On the other hand, let α k,l be an arbitrary double sequence of complex numbers. By replacing α = α k,l in (4) for each pair (k, l) and by summing over k, l ∈ Z we formally obtain the following sum:
In general the above sum does not even converge. The following lemma shows that under the additional assumptions on the double sequence α k,l the series given by (5) converges uniformly on compact sets in S and that the corresponding sum φ(z) is an integrable meromorphic function. Lemma 2.1. Suppose that {α k,l }, k, l ∈ Z, is a double sequence which satisfies the following properties:
Then the corresponding function φ given by (5) is well defined and φ
Proof. By using the assumption 1 o we obtain the following identity:
By combining the identities (6) and (5) we can rewrite the series given by (5) (without changing its sum) as
We show that the series given by (7) absolutely converges. By the change of variables we obtain
where z = x + iy and the last integral I in (8) exists. Estimating the series given by (7) we have
for each z ∈ S. By using the identity (8) we obtain
From the assumption 2 o we conclude that the series given by (7) absolutely converges for each z ∈ S, and therefore φ(z) is a well defined analytic function on S. Moreover from the definition of φ it follows that φ has at most the first order poles at the points z k,l ∈ Z.
To conclude that φ is integrable on C we start with the following estimate which is a consequence of the above two inequalities:
where C 1 is the constant defined by (2) and (2 ). So we have that φ(z) is integrable on S 1 . Since φ(z) has at most the first order poles at the points z k,l , for each z k,l we obtain the following representation of the function φ(z):
where a k,l (z) are analytic functions in |z − z k,l | < 1 2 for each (k, l). By using the above representation of the function φ(z) and by switching to the polar coordinates one concludes that the estimate
holds for each z k,l . This follows from the fact that the integral means of the functions |a k,l (z)| increase with the increasing radius. Now by using (9) and (10) we find
|α k,l ||w k,l | and therefore we have proved that φ ∈ A 1 . As we already have shown the fact that φ(w k,l ) = α k,l follows at once from the definition of φ and the properties of the function P (z).
Construction of the sequence and main lemmas
The objective of this section is to construct the sequence φ n (z) which satisfies the assumptions of Proposition 1.2. We establish some important properties of this sequence and in this section we actually prove that φ n (z) satisfies the conditions 1 o and 2 o of the Proposition 1.2. In order to construct this sequence we use the representation we introduced in the previous section, that is, we apply Lemma 2.1.
For each n ∈ N we define the double sequence {α k,l (n)} by
It can be directly verified that the sequence α k,l (n) satisfies the assumptions of Lemma 2.1 for each fixed n ∈ N. Therefore by the same lemma we conclude that the functionφ n (z), given bỹ
is well defined. By applying the same lemma we haveφ n ∈ A 1 and
Next, for each function ϕ(z) defined in the complex plane we define the new function Θ(ϕ) by
If ϕ ∈ A 1 we have Θ(ϕ) ∈ A 1 . We define the sequence of the function φ n (z) as the eleventh iteration of the operator Θ evaluated inφ n (z)
We have that φ n (z) is an element of A 1 for each n ∈ N. Also one can express the function φ n (z) as the fixed linear combination (independent of n) of the functions φ n (z),φ n (z + 1), ...,φ n (z + 11). In this section we show that the sequence given by (12 ) satisfies the first two assumptions of Proposition 1.2.
Remark. We remark that in the definition (11) of the double sequence α k,l (n) we could have taken that the exponent is an arbitrary integer ≥ 4. Then by taking the larger order of the corresponding iteration of Θ we would obtain other examples of sequences satisfying the assumptions of Proposition 1.2. The choice of this exponent and the choice of the eleventh iteration in the definition (12 ) are the technical details and the meaning of this particular choice will be understood from the proof of Lemma 3.2. Although it is irrelevant we remark that one can choose the lower order of the iteration in the definition (12 ) (but not lower than 8).
In the remainder of this paper the notation φ n (z),φ n (z), α k,l (n) is reserved for the above defined objects. First we prove the following lemma which gives the needed information about the sequence {α k,l (n)}. Lemma 3.1. Let (p, q) be a fixed pair of integers. Then the sequence {α k,l (n)} given by (11) satisfies the following inequality:
for each pair (k, l) and for each n ∈ N.
Proof. For each n ∈ N we define the function f n (x, y) by
for x, y > 0. By applying the Lagrange mean value theorem onto the function t n + 1 4 where t > 0 we can estimate the function f n (x, y) in the following way:
Now we have two cases. First if y ≥ x we obtain f n (x, y) ≤ 4|x − y| (16) directly from (15) . If x > y we have By combining the above inequality with (15) we obtain
Together (15) and (17) imply that the following estimate holds for each x, y > 0 and each n ∈ N:
Now we take |w p,q | = x and |w k,l | = y. With this substitution the expression f n (x, y) defined by (14) agrees with the left side of the inequality (13) . Since ||w k,l | − |w p,q || ≤ |w k,l − w p,q | the estimate (13) follows from the corresponding estimate (18) for the function f n (x, y).
In the next lemma we derive all necessary information about the sequence φ n . All further results related to the sequence φ n (z) given by (12 ) 
holds for z ∈ ∆ p,q ∩ S 1 . Moreover for each z ∈ S 1 ∩ ∆ p,q we have
where the constant C 1 is defined by the relation (2) in the previous section.
Proof. We first prove the inequality (19) . The inequality (19 ) is a corollary of (19) as we will see. Set
We note that the sequenceφ n (z) is given asφ n (z) = P (z)R n (z). Also set P 1 (z) = 1 P (z) . Next let w p,q be an arbitrary fixed element of the lattice W (we save the notation w k,l for all other elements of W ). Define the function ψ p,q (n)(z) by
From the definition of ψ p,q (n)(z) we find that ψ p,q (n)(z) is an analytic function in C \ W and it has the first order poles at the points w k,l whose residues λ k,l (n) are given by
We have λ p,q (n) = 0 so the function ψ p,q (n)(z) extends analytically over the point w p,q . Consider the Taylor expansion of the function ψ p,q (n)(z) centered at the point w p,q and let T p,q (n)(z) be the polynomial of the degree 10 such that ψ p,q (n)(z) satisfies the relation
for z close to w p,q . Now we define the new function ϕ p,q (n)(z) by
The function ϕ p,q (n)(z) is a meromorphic function and it has the first order poles at the points w k,l = w p,q . In particular ϕ p,q (n)(z) is analytic at the point w p,q . The residues γ k,l (n) of ϕ p,q (n)(z) at the points w k,l = w p,q are given by
By the application of Lemma 3.1 we obtain the estimate
We will soon see that D p,q (n)(z) is well defined and that D p,q (n)(z) = ϕ p,q (n)(z). First we estimate D p,q (n)(z). Since γ p,q (n) = 0 we simply estimate |D p,q (n)(z)| as
By applying the estimate (13) from Lemma 3.1 we obtain the following chain of inequalities:
It is clear that the last sum in (22) exists for each z ∈ C \ W and that it does not depend on n ∈ N.
In order to show D p,q (n)(z) = ϕ p,q (n)(z) we consider arbitrary sequence of complex numbers {z m }, m ∈ N, such that z m → ∞, m → ∞ and such that the distance between z m and W is positive and uniformly bounded from below for all m ∈ N. Then directly from (22) it follows that D p,q (n)(z m ) → 0. The same fact holds for the function ϕ p,q (n)(z). Moreover we have ϕ p,q (n)(z m ) = O 1 |zm| 11 for fixed n ∈ N and pair (p, q) (see the definition of ϕ p,q (n)(z)). Functions D p,q (n)(z) and ϕ p,q (n)(z) have the same singular parts at the points w k,l and we conclude that D p,q (n)(z) − ϕ p,q (n)(z) is a bounded entire function approaching zero when z approaches ∞.
So we have
for each pair (p, q) and z ∈ C \ W . If we multiply both sides in the above inequality by |P (z)| we obtain
for each pair (p, q) and z ∈ C \ W . But from the above estimate we see that the function P (z)ϕ p,q (n)(z) is uniformly bounded on the whole domain S 1 . Indeed, from (2 ) we have
for each pair (k, l) and z ∈ S 1 . We conclude that the estimate
holds for each z ∈ S 1 , and the constant C 2 represents the sum of the above series. Now we apply definition (12) and the definition of ψ p,q (n). By multiplying the above inequality by |z − w p,q | 11 we obtain that the inequality
holds for each n ∈ N, pair (p, q) and every z ∈ S 1 . In particular we choose the constant C 2 such that the inequality
holds for each z ∈ S 1 which satisfies the condition |z −w p,q | ≤ 20. We now apply the operator Θ to the function whose absolute value is on the left side of the inequality (23). But first note that if T (z) is an arbitrary polynomial of some degree m ∈ N we have that the degree of the polynomial T (z + 1) − T (z) is equal to m − 1. After one application of Θ from (23) we obtain
The above estimate holds for z ∈ S 1 and |z − w p,q | ≤ 19. In the expression on the left side of (24) we have used the fact that P (z) = −P (z + 1). We now repeat the process 10 times. We take the eleventh iteration of the expression whose absolute value is on the left side of inequality (23). The resulting inequality of this process is inequality (19) in the statement of this lemma and it holds for each z ∈ S 1 and |z − w p,q | ≤ 9 (the corresponding polynomial is of the degree zero in the eleventh iteration). In particular we have that inequality (19) holds for z ∈ S 1 ∩ ∆ p,q . Suppose that K > 0 and w ∈ C are two arbitrary numbers such that K > |w|. We have the estimate
We set K = n and
With this substitution and by combining inequalities (19) and (25) we derive inequality (19 ) .
The previous lemma gives an estimate good enough for the expression |φ n (z)| − Re(φ n (z)) in the case z ∈ S 1 . And we will soon see that this estimate directly implies that the sequence
is uniformly bounded. But if z is not in S 1 , then the estimates (19) and (19 ) do not hold anymore for such z because one can find the point z ∈ S \ S 1 , which is very close to the point z k,l , which is a possible pole of φ n (z). However it is natural to expect that just by using inequality (19) (which holds on S 1 ) one can prove that there exists the corresponding integral form of inequality (19 ) in the neighborhood of the point z k,l for each (k, l). That would result in the way that the sequence of integrals of the functions |φ n | − Re(φ n ) is uniformly bounded if the domain of integration is the whole complex plane. This is exactly the second assumption of Proposition 1.2. The following proposition resolves this issue. 
Proof. We apply the Green's formula to the functions |z| 2 and u(z) = a(z)
is not of the class C 2 at every point of the domain ∆ r the Green's formula remains valid in this case (see the remark in the next section). We have 
Set
We have the the following equality:
For |z| = 1 8 we obtain the estimates
Together the above estimates yield
where C 3 is the upper bound of the absolute value of the first derivative
. We have that C 3 depends only on C 3 . From the above estimate we derive the relation
Similarly by applying the estimate (25) we obtain
It remains to estimate the first integral on the right side of the inequality (26). First one verifies that the formula
holds for each z = 0 (see the following section). By applying the above equality we have
Next, by the change of variables and from substitution z = 2C3w K we obtain
is uniformly bounded and that bound depends only on C 3 . That can be verified directly by applying the Green's theorem to the functions |w| 2 and b(w) = a(
2C3w + 1 . By estimating the resulting relation in the same way as we did above we obtain the following inequality (similar to the inequality (26)):
The previous conclusion is also a corollary of Proposition 4.1 from the next section.
From the previous inequalities we see that both I 1 and I 2 are of the form O( 1 K ) whenever the upper bound C 3 is fixed. Since I = I 1 + I 2 we conclude that there exists a constant C 4 such that the proposition holds.
We are now ready to prove that our sequence φ n (z) satisfies the first two properties of Proposition 1.2. We have Lemma 3.3. The sequence φ n (z) given by (12 ) satisfies the conditions:
Proof. We first show that condition 2 o is satisfied. Set E p,q = ∆ p,q ∩ S 1 . From the inequality (19 ) we conclude
Next we note that the set ∆p, q − E p,q is a union of four discs centered at the points z p,q , z p+1,q , z p,q+1 , z p+1,q+1 of radii 1 8 . We set the substitutions K = n and for i, j = 0, 1 we set
From the inequality (19) we conclude that the inequality
. Therefore we can apply Proposition 3.1 onto the corresponding K (for n large enough we have that the corresponding K satisfies the assumption of Proposition 3.1) and four times respectively to each a i,j (z). We obtain
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Since the family of discs ∆ p,q covers the whole plain, after the summation over all p, q ∈ Z we obtain
The series on the right side of the previous inequality can be estimated as
where o(1) → 0 when n → ∞. Moreover by switching to the polar coordinates we evaluate the integral I n as
From (28) we find
Now it is clear that we can choose a constant C so that the condition 2 o of this lemma is satisfied.
Next we prove that the sequence φ n (z) satisfies the condition 1 o . We know that φ n (w p,q ) = α p,q (n) → 1 when n → ∞ for each fixed w p,q . Because of that and from the definition (12 ) we conclude that φ n (w p,q ) → 1 when n → ∞ for each fixed w p,q . We just have proved that the sequence φ n (z) satisfies the condition 2 o of this lemma. By applying the mean value property for analytic function we conclude that the sequence of integrals of |φ n (z)| is bounded on every compact subset in S. Therefore the sequence φ n (z) is a normal family. That means that any subsequence of φ n (z) converges to some analytic function φ(z) on S. Moreover from inequality (19 ) we conclude that for each z ∈ S we have |φ n (z)| − Re(φ n (z)) → 0 and as a conclusion we have φ(z) = 1, z ∈ S for any possible limit function φ(z). This proves that φ n (z) satisfies the condition 1 o .
Proof of Theorem 1.1
In this section we prove that the sequence φ n (z) given by (12 ) satisfies the third assumption of Proposition 1.2. The final conclusion is given by Lemma 4.3. First we investigate the meaning of the corresponding third condition from Proposition 1.2. The following results are related to the local and global properties of a certain wide class of integrable meromorphic functions. Since v(z) is nonnegative, by applying the Green's formula (31) we obtain
From the last inequality we obtain that inequality (32) holds. Remark. We note that the function |a(z)| is not necessarily of the class C 2 , so one cannot apply the classical Green's formula directly because it requests that the functions involved are of the class C 2 . But we can apply the classical Green's formula onto the reduced domain of integration. That is if we take out the small discs surrounding the points where |a(z)| is not of the class C 2 and by letting the radii of these discs to tend to zero, one would have that the corresponding singular parts tend to zero. That implies that the Green's formula remains valid in this case (see [7] ). The Laplacian ∆|a(z)| is the absolute value of the locally integrable meromorphic function The domain V is compactly contained in U . Set C 5 = 9C(U, V ), where C(U, V ) is the constant from Proposition 4.1 for this choice of domains U and V . We set V k,l = V + z k,l and U k,l = U + z k,l . By applying the previous proposition to the domains V k,l and U k,l and after taking the sum over k, l ∈ Z, we obtain that inequality (33) holds.
